
Nonlinearity parameters for pulse propagation 
in isotropic elastomers 

G.P. Carman and M.S. Cramer 

Engineering Science and Mechanics, Yirginia Polytechnic Institute and State University, Blacksburg, Yirginia 
24061 

(Received 8 March 1991; accepted for publication 30 August 1991 ) 

The propagation of one-dimensional shear waves in isotropic hyperelastic materials is 
examined. Both compressible and incompressible materials subject to arbitrarily large shear 
prestrains are considered. The nonlinear evolution equation governing small disturbances on 
prestrained undisturbed states is derived. The prestrain is seen to change the nonlinearity from 
the cubic form found in the unstrained case to the stronger quadratic form governed by the 
conventional Burgers' equation. Additional results include explicit and general expressions for 
the quadratic and cubic nonlinearity parameters. Numerical estimates are also provided for 
natural rubber and foamed polyurethane. It is demonstrated that the quadratic nonlinearity 
parameter does not increase monotonically with prestrain and may actually vanish at nonzero 
values of the prestrain. 

PACS numbers: 43.25.Ba 

INTRODUCTION 

The dynamics of elastomers are of considerable scientif- 
ic and practical interest in many areas of acoustics and classi- 
cal mechanics. The practical interest stems in part from their 
use as shock and vibration isolators, automobile tires being 
the most conspicuous example, and sonar applications. 
From a scientific point of view, their ability to sustain large 
elastic deformations permits testing of elasticity models well 
beyond the range explored for metals and ceramics. 

When such large deformations occur, the behavior of 
these materials will differ significantly from that predicted 
by the well-known theory of linear elasticity. This is due to 
the fact that nonlinearities in the material response must be 
considered. Such nonlinearities inevitably lead to harmonic 
generation and shock formation. A detailed analysis of the 
former in longitudinal waves has been provided by Thurston 
and Shapiro (1967). The reader is also referred to the experi- 
mental studies of R. B. Thompson and co-workers (1976, 
1977) and Peters and Breazeale (1968). Studies of nonlinear 
shear waves have been carried out by Chu (1964) and Davi- 
son (1966). These latter studies employed the exact method 
of characteristics to examine the wave families possible in 
incompressible and compressible materials, respectively. 

A more detailed study of the distortion of shear waves is 
presented by Lee-Bapty ( 1981 ) who demonstrated that the 
basic wave evolution is fundamentally different than that 
exhibited by longitudinal waves. The nonlinearity of rela- 
tively weak longitudinal waves is quadratic leading to the 
generation of second harmonics when wave trains are con- 
sidered, whereas the nonlinearity of shear waves in an initial- 
ly unstrained matehal is seen to be cubic. Because of the 
cubic nonlinearity, second harmonics are suppressed in 
wave trains and even the simplest pulses tend to evolve into 
asymptotic profiles containing two shocks, rather than one 
as in the case of quadratic nonlinearity. It is also useful to 
note that this cubic nonlinearity is an order of magnitude 

weaker than the quadratic nonlinearity. For example, the 
shock formation time is on the order of the inverse square of 
the wave amplitude when the nonlinearity is cubic as com- 
pared to inversely proportional when the nonlinearity is qua- 
dratic. A more complete discussion of these nonclassical dy- 
namics may be found in the thesis by Lee-Bapty ( 1981 ) or 
the article by Lee-Bapty and Crighton (1987). 

In the present study, we examine the one-dimensional 
evolution of small disturbances propagating in elastomers 
having an arbitrarily large shear prestrain. Both incompress- 
ible and compressible materials are considered. The present 
study extends the work of Nariboli and Lin (1973) and Lee- 
Bapty ( 1981 ) who considered only unstrained materials. 
We apply the well-known reductive perturbation technique 
of Taniuti and Wei ( ! 968) to derive the nonlinear evolution 
equation governing small shear disturbances over time 
scales on the order of the shock formation time. General 

expressions for the quadratic steepening parameter (the ana- 
log of 1 q-B/2,8 in the theory of compressible fluids) are 
given and it is shown that this parameter is generally non- 
zero for arbitrary prestrain values. That is, prestraining the 
material causes the nonlinearity to change from the cubic 
nonlinearity to the quadratic nonlinearity analogous to that 
encountered in studies of the longitudinal mode. This not 
only increases the strength of the nonlinearity but also modi- 
fies the details of the evolution. 

It is of interest to note that such a cubic-quadratic tran- 
sition also occurs in the study of non-Newtonian fluids. A 
summary of this effect in the context of harmonic generation 
has been provided by Powell and Schwarz (1979). 

The numerical examples provided in Secs. V and VI re- 
veal that the quadratic nonlinearity parameter tends to be 
negative at the lower values of prestrain, at least for the ma- 
terials considered here. Thus the wave evolution is charac- 

terized by a backward steepening and is similar to that found 
by Bains and Breazeale (1975) in their study of!ongitudinal 
waves in fused silica and the well-known phenomenon asso- 
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ciated with temperature waves in superfluid helium, see, e.g., 
Putterman (1974). The numerical estimates provided here 
also suggest that this quadratic nonlinearity parameter van- 
ishes at larger values of the prestrain again resulting in a 
cubic nonlinearity. At even larger prestrains, the steepening 
is forward and resembles that of longitudinal waves in many 
solids and dilute gases. Thus the behavior of nonlinear shear 
waves more closely resembles that of other areas of nonlinear 
acoustics in that the quadratic nonlinearity parameter is gen- 
erally nonzero and changes sign, i.e., vanishes, only at dis- 
crete undisturbed states. 

Throughout we will refer to the points at which the qua- 
dratic steepening parameter vanishes as critical points. As 
indicated above, the nonlinearity at these points is cubic 
rather than quadratic and the usual Burgers' equation does 
not give an accurate representation of the nonlinear evolu- 
tion. As pointed out by Nariboli and Lin (1973) and Lee- 
Bapty ( 1981 ), the wave distortion occurs more slowly and 
longer time scales must be employed. In Sec. III, we apply an 
extension of the perturbation technique of Taniuti and Wei 
(1968), as developed by Cramer and Sen ( 1991 ), to derive 
the evolution equation governing the nonlinear distortion 
not only at, but in the neighborhood of, each critical point. 
'The resultant evolution equation is a modification of 
Burgers' equation containing both quadratic and cubic non- 
linearity. At critical points this equation reduces, as it 
should, to the cubic equation derived by previous investiga- 
tors. In addition to providing general expressions for the 
cubic nonlinearity parameter, we also give numerical esti- 
mates based on specific material models. 

I. FORMULATION 

The general relation for a hyperelastic isotropic solid 
undergoing isothermal deformation (Hunter, 1983) may be 
written as follows: 

•r• = ao6o ß a• B• • a2B•B•, ( 1 ) 

where 0-ii is the Cauchy stress tensor, •50 is the Kronecker 
delta, and B• is the left Cauchy-Green tensor. It should be 
pointed out that in all equations throughout this paper, un- 
less otherwise noted, the standard range and summation 
convention applies to all subscripted lower case Latin in- 
dices in three space. The left Cauchy-Green tensor is related 
to the defo•ation gradient Fo by 

mij : Fi•. •. (2) 
The deformation gradient is defined as the gradient of the 
instantaneous material position xy (i.e., Eulerian) with re- 
spect to the initial material position • (i.e., Lagrangian). 
That is, 

•x• 
V 0 =•. (3) 

The displacement vector u• is defined as follows: 

Xj : • + Uj ( X, ;X2,X3,t). (4) 
The scalar quantities ao, a•, and a 2 in Eq. ( 1 ) have as yet to 
be defined. These terms are related to the free energy Uof the 
solid and the three invariants (Ia, IIa, and IIIa) of the left 
Cauchy-Green tensor which are written as follows: 

I•=B,, II•=«(I•--B•,•Bt•), III•=det(Bi•),(5) 

through the following equations (Hunter, 1983). 

ao = 2plII• 8¾i• ' a• - 2p 8I• + I• , 8II• 
8U 

8IIB 

The quantity p(Xi,t) is defined to be the density distribution 
in the solid at an arbitrary time t. The density can be related 
to some initial density of the solid Po at time to and the deter- 
minant of the left Cauchy-Green tensor by 

P = Po III•7 •/2. (7) 
The momentum equations, neglecting body forces, may be 
expressed as 

G• 2 II i 80'ji 
p at - axs 

The remainder of this section will specifically address the 
formulation of the equations describing a shear pulse intro- 
duced into a hyperelastic solid. It is well known that a shear 
pulse propagating in a nonlinear compressible solid gener- 
ates a longitudinal compressive wave of higher order (Davi- 
son, 1966). Thus the simplest displacement field is of the 
form 

(6) 

x• = X• + u• (X• ,t), x2 = X2, x3 = X3 'q-//3 (Xl ,t). 
(9) 

The Bii corresponding to the deformation field (9) may 
therefore be represented 

(1 +e• )2 0 ys(1 +e• ) 
0 1 0 . (10) 

ys(1 -}-el) 0 •5 + 1 

In the expression (10) and subsequent equations, the ensu- 
ing relations between the linear normal (e•) and shear (ys) 
strains and the gradients of u i have been used: 

el = and ?'5 = •. (11) 

The invariants defined in Eq. (5) are thus found to be 

1B=3+2e• +e• 2+•, II•=3+4e, +2e• 2+•, 

III• = 1 q- 2e• + e• 2, (12) 

and the nonzero components of the stress tensor can be writ- 
ten 

0-• :O• 0 -3- O•1 (1 nt- e• )2 nt- 0•2 [ (1 -3- e• )4 nt- y•5 (1 nt- e•)2], 
0' 2:15• 0 "{- 15• 1 '-{- 15•2, (13) 

0-3 =15•0 "•- O•1 (l "•- •5 ) +a2 [•(1 +e,)2+ (1 q_ •)2], 
as =a•ys(1 +e•) 

+ a2 [Ys(1 --[- e, )3-3- (•5 q- ys)(1 +e,)]. 
Here 0-• ----0-•, 0-2----0-22, 0-3----0-33, and 0-s =0-3•. By using 
Eqs. ( 1 )-(3 ) and (5)-(9) the following relationships can be 
derived between Cauchy stress, linear strain, and displace- 
ment: 
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(14) 

'For reasons which will become evident, it is desirable to re- 
cast Eq. (14) in the following nondimensional form: 

c2w. __ 0. (15) (%') • 
Subscripted Greek indices in Eq. (15) and in subsequent 
equations are ranged and summed over a four space. The 
solution vector wn is comprised of the linear strains and the 
nondimensional velocities •1 and •3 (the dimensional veloc- 
ities are Vl = C9Ul/c9t and v3 = c9u3/o•t ) and can be written 

(16) 

The quantity Acv is a 4 X 4 matrix defined as follows: 
0 0 -- O'1,1/tO0 C s 2 -- 0-1, 5/tOo C s 2 
o o - - 

ß 

--1 0 0 0 

0 --1 0 0 

(17) 

We refer to (17) as the speed matrix even though the stress 
gradients may generally vary with the local strain. It should 
be noted that commas on the stress tensor denote partial 
differentiation with respect to the linear strain variables. 
That isfl = c2f/Oe 1 and f5 = c2f/Oys. The nondimensional 
forms introduced in Eqs. ( 15 )-(17) are defined by the fol- 
lowing relationships: 

Xi = LX1, t= ( L /Cs)t, uj = Lgj, and vj = Cs•j. 
(18) 

The overbars denote nondimensional quantities, L is defined 
to be the characteristic length of the shear pulse introduced 
into the solid, and C• is the linear shear wave speed of the 
material at zero prestrain; that is, 

C• = lim [ t%,5 (y5)/P ] 1/2. ( 19 ) 
ys-•0 

In order to study the shear wave propagation in an in- 
compressible material a slight reformulation is required. The 
determinant of the left Cauchy-Green tensor for incom- 
pressible materials is by definition equal to one, from which 
we conclude that the linear strain variable el vanishes. Fur- 
thermore, the scalar quantity ao in the constitutive relations 
( 1 ) needs to be replaced by an arbitrary pressure P which is 
determined by the motion of the material (Hunter, 1983). 
The constitutive relations therefore take the form 

t:rij = -- P(Sij + OtlBij + ot2Bi, B d, (20) 
where a I and a 2 are identical to those defined in Eq. (6). 
The shear mode can now be decoupled from the longitudinal 
mode. That is, the first equation in (14) imposes no con- 
straint on the shear deformation but only provides the solu- 

tion for the arbitrary pressure P. This reduces the problem 
from a fourth-order system of equations to a second-order 
system. The resulting 2 X 2 speed matrix for an incompress- 
ible material reads 

0 -- ø'5'5/PøC•2] (21) --1 0 

and the two-dimensional solution vector wn is 

The only component of the stress tensor required in (21 ) is 
tr5 which may be found by setting e• = 0 in the last of (13), 
i.e., 

rr5 = Y5 [al +a2(2 + •)], 
which may be further reduced if the second and third of (6) 
are employed; the final result reads 

rr5 =Po U', (23) 

where U'--dU/dys. If (23) is substituted in (19) it is found 
that the simplified form of Cs is 

Cs = [ U" (0) ]1/2. (24) 

II. QUADRATIC NONLINEARITY 

To analyze the shear wave distortion caused by nonlin- 
ear effects it will be useful to employ perturbation methods 
to derive the evolution equations governing the propagation. 
The evolution equation derived here will be applicable to 
arbitrary initial wave profiles. In this analysis the system is 
subjected to small perturbations about some initial base state 
w(O) The solution vector will be expanded as follows: 

Wa -- W(a ø) + ew(a 1) d- 62w(a2) -+- 0(63). (25) 

The quantity e is a small parameter characterizing the dis- 
turbance amplitude. The undisturbed state is regarded to be 
at rest with an applied constant strain. The quantity w(• ø) will 
therefore be given by w• ø)=w2 ©=w3 ©-0 and 
w4(O) •,(0) where •,•0) is a constant. Here, we note that the 
shear wave pulse evolves linearly in the hyperelastic medium 
for times of order one and in a nonlinear manner for times of 

order 1/e and larger, see, e.g., Taniuti and Wei (1968). By 
substituting the expansion (25) into Eq. ( 15 ), by transform- 
ing from (X 1 ,t) to wave coordinates Y = X 1 -- At and 
r' = et, where A represents an eigenvector of the speed ma- 
trix, and by applying the technique of Taniuti and Wei 
(1968), we find that the strain is governed by the following 
evolution equation: 

•w •w 
• + FW = o, (26) 
3r' 3Y 

where W(Y,r') is related to the lowest-order disturbance by 
(1) W a = r a W 

and 

r=laBaa•rar•/lara, 
•A 

B• = • (w(.ø•). 
o•w• 

(27) 
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The quantity l• is the left eigenvector and r• is the right 
eigenvector of the speed matrix evaluated at the base state; 
i.e. A (o) =A•o (w © ) The scalar quantity F is referred to as 
the first-order or quadratic steepening coefficient. Equation 
(26) is frequently referred to as the inviscid Burgers' equa- 
tion. 

The quantities that were defined in a general fashion by 
Eqs. (25)-(27) will now be expressed explicitly for the 
shear wave problem introduced in Sec. I. The eigenvalues 
of the speed matrix A ,a are the nondimensional wave veloc- 
ities of the shear and compressive modes. There exists two 
nondimensional wave speeds corresponding to each mode of 
propagation, that is, a positive and a negative component 
corresponding to a "right" or "left" moving wave. The spe- 
cific eigenvalue of (17), which corresponds to a right mov- 
ing shear wave, is found to be 

X• = (( 1/2poC•2)(tr,,, + rr•,• -- (rr,,, -- rr•,• ) 

X [ 1 + 40.15 0.5,• / ( O'l,1 -- 0'5,5 ] . (28) 

The term "shear" wave is appropriate in describing the 
above equation because it may easily be shown that 
As = (0.5,5/Po )1/2/Cs = 1 at •,5© = 0. The right eigenvector 
% corresponding to this eigenvalue As can be written as 

__ stO0 Cs _ al,1 ] --1 

0.•,5 [2[ 2 2 . (29) sPO CS -- el,1 ] --1 
1 

In like manner, the left eigenvector l• is found to be 

[0.5,1 [)[2 2 --I ffooCs -- 0.1,1 ] jl; 

/•sa51 [)[2 2 -- , sPO Cs -- 0.1,1 ] ; - As ]. (30) 
The first-order steepening coefficient F is found to be 

F = ( -- 1/r•l•poCs2){ll (0.•,11• + 20.1,15r3r4 

-•- 0'1,55 •4 ) -•- 12 ( 0'5,11 d 'q- 20'5,15 t'31'4 -•- 0'5,55 d ) ), 
(31) 

where r• l• is, simply, 

r•l• = -2As[1 +0'1,50'5,•/(A•2poC•2-0'1,1)2]. (32) 
Expressions for the partial derivatives of the stress tensor 
(e.g., 0'1,11,0'5,11, etc. ) may be found in Carman and Cramer 
( 1991 ). A form of these equations which is Eulerian based 
was presented by Nariboli and Lin (1973) when they inves- 
tigated the shear wave propagation in an unstrained isotrop- 
ic hyperelastic medium. They discovered that the first-order 
steepening coefficient F presented in Eq. (31 ) is identically 
zero for all isotropic material systems if the undisturbed 
state is strain free. Through the use of the equations present- 
ed in Sec. I, it can be shown that the gradients r3ao/r3•'5, 
r3al/r3•'5, and r3a2/r3•'5 vanish at zero prestrain and thus 
reduce the quantities 0'1,5 and 0'5,1 to zero. If these values are 
introduced into Eqs. (29) and (30) along with the fact 
As (•'•ø) = 0) = 1, it is found that l• reduces to 

[0;1;0; -- 1] (33) 

and % is found to be the negative of the transpose of l•. 
Evaluation of I' with these relationships reduces Eq. (31 ) to 

lim F = 0'5,55/2po C 2 (34) S' 

ys--.0 

It may also readily be shown that 0'5,55 vanishes for 7/• © = 0 
by similar arguments. Thus F = 0, at 7/} ø) --0, in complete 
agreement with Nariboli and Lin (1973) and Lee-Bapty 
(1981). 

For an incompressible material, Eqs. (21)-(22) are 
used for the evaluation of)Is and F. This results in simplified 
forms of these expansions as compared to those presented in 
Eqs. (28) and (31 ). The reduced forms are found to be 

\poC = ' 
U'" (?,(•ø)) F= 0'5,55 = . (35) 

s/•,s 2[ U (•/•o)) U (0) ]1/2 2po C ,, ,, 
A comparison of the dimensional wave speeds in the 

Lagrangian and Eulerian coordinate systems is provided in 
the Appendix. One should note that the wave speeds are 
equal in either of the coordinate systems employed, at least 
within the accuracy of the present theory. 

III. CUBIC NONLINEARITY 

As pointed out in the Introduction, we will refer to base 
states •,•(o) which correspond to values of F = 0 as critical 
states or points. The shear pulse at these base states evolves 
linearly even for times O(I/e) and in a nonlinear manner for 
times O( 1/e a) and larger. The details of the evolution at 
these higher times requires inclusion of terms which were 
properly neglected in the F = 0( 1 ) approximation of Tan- 
iuti and Wei (1968). It turns out that a cubic form of Eq. 
(26) is required to describe the wave dynamics in the vicini- 
ty of a critical point. Cramer and Sen (1991) have shown 
that the appropriate extension of Eq. (26) is given by 

r3r + +-•- AW) W =0, (36) 3Y 

where r = • and 
A 

F • F/E, 

A• . ß . (37) 
loro 

In the above equations, C• is dete•ined by the higher- 
order derivatives of the speed matrix as follows: 

1 32A• (w•O•). (38) = 
The vectors d• and f• in •. (37) are found by solving 

R•sds = lnBn•rrra•, R•sfs = lnBnr•rra•, (39) 
where 

and aA. represents a nonsquare matrix whose rows are com- 
prised of the three independent row vectors of 
(A •o) A•5•a) For all subsequent formula description, 
only the row space corresponding to the eigenvalue (28) is 
addressed. The independent rows of (A •o> _ )[•5,a ) will be 
taken to be ala, a3a, and a4.. That is, the subscripted upper- 
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case latin indices will range over 1,3, and 4. In Eq. (36), A is 
normally referred to as the second-order or cubœc nonlinear- 
ity parameter. For a compressible material represented by 
Eqs. (16) and (17), this parameter is found to be 

A= (1/l=r=){(- 1/poCs:)[l, (or,.,,, r]3 + 3cr,.,,s•r • 

-+- 30',,55, dr3 -+- •,,555d) + l= 

(40) 

Explicit expressions for the higher-order derivatives of the 
stress tensor (e.g., •,•1, •,5•, etc. ) may be found in Car- 
man and Cramer ( 1991 ). The quantity d• in the above equa- 
tion may be found by solving (39). The result is as follows: 

d• -- (g•R33 -- R13g 3 -- R•4g 4 )/(R•R33 -- R •3 -- R •4 ), 
(41) 

where the matrix R• can be shown to be 

' •s•,• •s•,5 ' 
2 p• C • Po C 2 Po C, s s 

•s •1 1 s 
•oC• 

Xsa•,s 0 1 + X 2 
•oC• 

(42) 

and the vector ga is defined to be 

g, = (0'1,1/s002Cs4)[/1 (o',,,,r 3 + 

-{- l 2 (O'5,11 r3 -3- O'5,15 r4 ) ] 

+ (o',.,/p:oCs•)[l, (O'l.,lr 3 

+ 12 (cr5,5• r3 + cr5,55 r4 ) ], 

g3 = (As/po Cs:) [ l, (O'l,11r3 -[- 

+ l•_ (crs,• • r 3 + cr5,•5 r4 ) ], (43) 

g,, = (2s/po C s: ) [ l, (e,,s, r3 + 

At the critical point corresponding to zero prestrain 
y•o) = 0, it can be shown that Eq. (40) reduces to the follow- 
ing: 

A 1 ( 1 =-- cr5.555 + , (44) 
2 eo c ½ - s s 

where each quantity should be evaluated at the y•o•= 0 
state. 

For an incompressible material, Eqs. (21 ) and (22) are 
used for the calculation of A in Eq. (37). This parameter is 
expressed in a much simpler form than that presented in Eq. 
(40). For arbitrary y•o•, the following equation can easily be 
derived: 

A = cr5'555 = U (iv) (yi0)) (45) ß 

s2s 2(U" )U (0)) 2po C •- r• ø) " 
To summarize, the evolution of the lowest-order distur- 

bance will be governed by (26) when F = 0( 1 ). We antici- 
pate this to be the case for most configurations involving 
nonzero prestrain. When F is of order e, the wave distortion 
will only be noticeable over time scales of order e- 2 and will 
therefore be governed by (36). Specifically, this occurs in 
the vicinity of the critical point corresponding to y•o• = 0. It 
is also possible that other critical points exist for nonzero. 
prestrains. Whether this later possibility does indeed occur 
can only be determined by a consideration of free energy 
functions specific to the material of interest. The material 
model will also provide information regarding the sign of F, 
and, therefore, the qualitative behavior in prestrained con- 
figurations can be determined. In Secs. V and VI specific 
material models will be employed to generate numerical val- 
ues for Y' and A. 

IV. SHOCK FORMATION AND DISSIPATION 

The local wave speed corresponding to (26) may be 
found by a straightforward application of the method of 
characteristics and can be written as 

Cs [As + r(y5 - 74 ø)) ], (46) 
where C• is given by (19), ,is is given by (28) or the first of 
(35) and F is given by (31 ) or (35). In like manner, the 
dimensional wave speed corresponding to (36) is found to be 

q[As + P(y5 --y•o)) + (a/2) (y, --y•o))2], (47) 
where A is given by (40) or (45). Because 7/5 varies from 
point to point in the wave, the propagation speed also varies 
from point to point, thus resulting in a distortion and steep- 
ening of most smooth pulses. To provide an example of this 
distortion, we have plotted exact solutions to (26) for a val- 
ue of F = - 0.5 in Fig. 1. This numerical value corresponds 
to the compressible foamed polyurethane described in Sec. 
VI at a prestrain of •o) = 0.2. At the scaled times v' = 0.5 
and 1.0, the solutions are seen to be triple valued. Such solu- 
tions are physically unrealistic. In real materials, the large 
strain gradients that occur just before the overturning takes 
place will trigger physical mechanisms capable of counter- 
acting the nonlinear distortion. These may include both dis- 

1.50 , , , , , , , , , , • 

W'=l.O '= . ': . 

1.00 

0.50 

W 0.00 • 

-0.50 

-I.00 

-I.50 I , i t , i • • • -- L 
-0.60 -0.40 -0.20 0.00 0.20 0.40 0.60 

¾ 

FIG. 1. The wave evolution of a sine pulse in compressible foamed polyure- 
thane rubber at y•o) = 0.2 (F • -- 0.5). 
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sipation and dispersion. Here, we follow Nariboli and Lin 
(1973) and Lee-Bapty ( 1981 ) in restricting our attention to 
dissipation of the Kelvin-Voigt type. In following these pre- 
vious investigations we simply add linear viscous terms to 
the elastic stress tensor ( 1 ). The modified stress tensor then 
reads 

(3v• 3v• ) c9v• 6• +,u• + , (48) 

where the constants po and tt• are viscosities and tri• is the 
elastic tensor given by (1). Because only the lowest-order 
term for the dissipation is required, expressions involving 
the derivatives with respect to x i in the viscous stresses have 
been replaced by those with respect to Xi. The modifications 
to the lossless equations of Secs. II and III may be derived by 
the techniques of Taniuti and Wei (1968) and Cramer and 
Sen ( 1991 ), respectively. The dissipative versions of Eqs. 
(26) and (36) are found to be 

•-' 

and 

3W 

where 

•+ Fwt9W_ 6 c92W (49) 
•9Y 2 c•Y 2 

A ) c9W +5- w war 
• 692W 
2 0Y 2 ' 

(5O) 

epo CsL 

1 -3- (tr•,5 trs,•/[ (As)2C2 2) , 
1 + (ty•,stys,•/[ (As)2C•2po -- cr•,• ]2) 

(51) 

and •---6/e. Here, each term in 6 is to be evaluated at the 
undisturbed state. Equation (49) is recognized as the usual 
Burgers' equation and (50) is the cubic version of the equa- 
tion derived by Cramer and Kluwick (1984) in the context 
of ordinary gasdynamics, Cramer and Sen (1990) in the 
context of superfluid hydrodynamics as well as the general 
analysis of Cramer and Sen ( 1991 ). The F = 0 version of 
(50) has been derived by Nariboli and Lin (1973) and Lee- 
Bapty ( 1981 ) in a context similar to that here. Morris and 
Nariboli (1972) also found that F = 0 version governs pulse 
propagation in applications involving elastic dielectrics. 

We also note that the dissipation parameter (51) re- 
duces to that obtained by the previous investigators in the 
•%(o) = 0 limit. The term involving the longitudinal viscosity 
p•, + 2po is to be expected when it is recalled that the longi- 
tudinal strain perturbation el is nonzero when the prestrain 
•,(•o) is nonzero. Inspection of (51 ) also reveals that the dissi- 
pation parameter is modified by the prestrain. This will in- 
fluence the shock thickness whenever the strain is of order 

one, including those cases near a second critical point. 
In order that the dissipation in (49) and (50) be of the 

same order as the nonlinear distortion, the wave Reynolds 
numberpo CsL/t, to must be either of order e- I for the classi- 
cal F = 0( 1 ) theory or of order e- 2 for the F = O(e) theo- 
ry. This requires the length scale L be of order 

1 Po 1 Po 

e poCs e • poCs 
or . (52) 

If L is the typical length• scale of the signal and if it satisfies 
(52) then 6 = 0( 1 ) or 6 = O( 1 ) and dissipative effects will 
be noticable over most of the pulse. If, on the other hand, the 
pulse is considerably longer than the length indicated in 
(52), then 6,• 1 in the F = O(1) theory or •,• 1 in the 
F = O(•) theory. Dissipative effects will then be negligible 
over most of the pulse and either (26) or (36) will govern 
the initial stages of the distortion. However, dissipative ef- 
fects will nevertheless be important in regions of large gradi- 
ents generated by the steepening. These narrow regions are 
recognized as shock waves and will have thicknesses on the 
order of the lengths indicated in (52). If the shocks are thin 
enough, they can be modeled as discontinuities. The appro- 
priate dimensional shock speed corresponding to (49) is 
known to be 

Cs[Xs + r(r? + r; )/2], (53) 
where the superscripts _+ refer to the properties just after 
and just before the discontinuity. The dimensional shock 
speed corresponding to (50) can be shown to be 

C•{/l,s + F[ (y•- + y;- )/2] + (A/6) [ (y•- -- y•(o))2 
+ - - - ©) + (r; - (54) 

An approximate graphical representation of the shock using 
Landau's equal area rule can be employed to model the 
shock profile. The construction of a pulse profile using this 
methodology is depicted in Fig. 2. 

In closing, we note that the dissipation parameters 3 and 
6 must be modified when the material is incompressible. Un- 
der these conditions, the parameter corresponding to 6 = e3 
is 

t, to/6po CsL. 
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FIG. 2. Wave profile obtained by using Landau's equal area rule. Dotted 
line denotes overturned profile identical to that of Fig. 1 at -r' = 0.5. Solid 
line denotes actual profile after shock fitting. 
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V. EXAMPLE•GDEN'S MODEL FOR 

INCOMPRESSIBLE MATERIALS 

A typical example of an incompressible hyperelastic iso- 
tropic material is natural vulcanized rubber. Constitutive 
modeling of rubber has received a great deal of attention in 
the literature due to its wide use in both industrial and scien- 

tific applications. The well-known constitutive model of 
Mooney-Rivlin (see Treloar, 1975) has been utilized by a 
number of authors in studying the behavior of various in- 
compressible rubber systems. However, this model, while 
providing accurate correlation with experimental results be- 
low stretches of the order two, significantly deviates from 
test data at larger stretches in uniaxial loadings; this devi- 
ation is depicted in Fig. 3. To remedy this, Ogden (1972) 
proposed a higher-order constitutive model that represents 
the free energy as an expansion of the principal stretches. In 
comparing the accuracy of the Ogden model to the experi- 
mental results of Treloar, a high degree of correlation is 
found to exist between the two, up to and including stretches 
on the order of 7. A comparison between Ogden's theory and 
Treloar's experimental results has been reproduced in Fig. 3. 
Additionally, the Ogden model not only provides highly ac- 
curate constitutive relations for uniaxial tension but is also 

accurate for biaxial tension and simple shear. It should also 
, I 

be noted that the Ogden model reduces to the much simpler 
Mooney-Rivlin model by appropriate choices of material 
parameters. Because of its accuracy and relative simplicity, 
the Ogden model will be employed in the following study to 
compute the nonlinearity parameters for natural rubber. 

Ogden proposed that the free energy of an incompress- 
ible material can be represented as a series sum of the princi- 
pal stretches. In particular, for vulcanized natural rubber 
one finds the following expression: 

U = • • t/'•n (a• + a2• + a•-- 3) (55) 
p n=l /•'n 

where a•, a2, and a3 represent the principal stretches and/•, 
and l'n represent material constants. The specific material 
parameters/•, and 1', in the Ogden model corresponding to 
vulcanized natural rubber were given as (Ogden,. 1972) 

1'• =1.3, 1'2 =5.0, 1'3 = --2.0, 

/• =0.61762, it2 =0.001176, it3 =--0.09803 MPa. 
(56) 

For the deformations considered here, the principal stretch- 
es are given by 

a• =l/a2= [//• +(•+4)•/2]/2, a3=l. 
The shear stress •r• for a simple shear problem can therefore 
be written as follows: 

0'5 = • /'•n [0'5(•/5 + (4+ •),/2]X.__ [0.5(//5 + (4+ •),/2] n=, [0.5(•/5 + (4+ •)i/2)] + [0.5(//• + (4+ •5)1/2)] 
(57) 

The parameters F and A may be computed directly by sub- 
stituting the appropriate derivatives of (57) into Eqs. (35) 
and (45). A plot of these values versus prestrain//•o) is pre- 
sented in Fig. 4 for the vulcanized natural rubber. At zero 
prestrain F = 0 and the second-order nonlinearity coeffi- 
cient is nonzero and negative (A • --0.269). For nonzero 
but small prestrain F < 0 which results in backward steepen- 
ing waves. However, at larger prestrains F > 0 and the wave 
steepens forward. Thus a second critical point F = 0 is 
found at a prestrain of approximately 2.27 for this shear 
wave problem. Note that, at this prestrain, the second-order 
steepening coefficient A -- 0.183 has a sign which is the op- 
posite of that at zero prestrain. In the neighborhood of these 
critical values, the cubic equation (36) governs the dynam- 
ics of the wave evolution and one would expect different 
wave evolution characteristics (i.e., dual shock formation) 
in these neighborhoods. 

From the preceeding results, one can readily surmise 
that for incompressible materials the qualitative behavior of 
the shear wave evolution can be inferred from a diagram 
depicting the variation of the Cauchy stress versus linear 
shear strain. If the material softens, then •r5,55 < 0. The value 
of F will then be negative and the wave will steepen back- 
ward. If the material hardens •rs.• > 0, in which case F is 
positive and the wave steepens forward. Near inflection 
points of the stress-strain curve F is small and the cubic 
equation is required to describe the wave evolution. There- 

I 

fore, plots similar to Fig. 3 could be used to deduce the quali- 
tative behavior when the material is incompressible. 

In Figs. 5-13, we present the wave evolutions for in- 
creasing values of prestrain. The initial wave profile was tak- 
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FIG. 3. Comparison between the theoretical models of Mooney-Rivlin and 
Ogden to the experimental results of Treloar. In figure at left the tensile test 
results (circles) of Treloar are compared to the theoretical predictions of 
Mooney-Rivlin. At right, Ogden's theory (solid lines) is compared to Tre- 
loar's results for three different loading modes. 
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FIG. 4. F and A as a function of shear prestrain for vulcanized natural 
rubber represented by the Ogden model. 
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FIG. 6. The wave evolution of a shear sine pulse in vulcanized natural rub- 
ber at y•o) = 0.03 prestrain (A = -- 0.2685 and F = - 8.05 X 10- 3). 

en to be sinusoidal with a wave amplitude parameter e = 0.1 
in all plots. 

Figure 5 depicts the evolution of a propagating shear 
pulse at zero prestrain. This corresponds to the case consid- 
ered by Nariboli and Lin (1973) and Lee-Bapty ( 1981 ). For 
this particular case, two shocks are formed. The first shock 
develops near the middle and is qualitatively similar to a 
backward steepening wave. The second shock develops at 
the wave's tail and in this region of the wave the behavior is 
similar to that seen in a forward steepening wave. This dis- 
torted profile has been previously referred to as a shark-fin 
configuration by Garrett ( 1981 ). 

In Figs. 6-8, wave evolutions for prestrains in the vicini- 
ty of the unstrained case are illustrated; i.e., y•o) = 0.03, 0.06, 
and 0.09. With regard to Fig. 6, one notes the presence of a 
stationary node formed at a value of W_• - 0.60. This point 
corresponds to a portion of the wave that is traveling at the 
same speed as the lin•earized wave speed As. That is, the local 
wave speed W[I'-FA(W/2)] vanishes. The case 
y•o) = 0.06 is represented in Fig. 7, and a node is seen at 

W_• -- 1.0. As for Fig. 8, no W 4:0 stationary points are 
present as were in Figs. 6 and 7. Another point of significant 
interest concern•s the positions at which the local steepening 
coefficient, i.e., F -F A W, vanishes. This represents a demar- 
cation between the regions exhibiting local forward and 
backward steepening behavior. In Fig. 6, this point occurs at 
W• - 0.30, in Fig. 7, it occurs at W• -- 0.60, and in Fig. 8, 
it occurs at W• -- 0.90. The changes in the position of the 
F -F A W = 0 point illustrates the trend toward pure back- 
ward steepening as the prestrain is increased. 

The above figures have illustrated the evolution that oc- 
curs in the neighborhood of the y•o• = 0 critical point. For 
prestrain values far removed from the critical points, the 
strictly quadratic equation (26) governs the wave distor- 
tion. We have computed and plotted the distortion using 
(26) for the case ygo• = 1.15 in Fig. 9. For this case, 
F • --0.158 and the wave steepens backward. The single 
shock develops from steepening of both the top and bottom 
of the pulse at similar rates. This results in a centrally located 
shock. 
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FIG. 5. The wave evolution of a shear sine pulse in vulcanized natural rub- 
ber at y•o) = 0.0 prestrain (A = -- 0.2685 and F = 0.0). 

FIG. 7. The wave evolution of a shear sine pulse in vulcanized natural rub- 
ber at •o• = 0.06 prestrain (A = -- 0.2685 and F = - 1.608X 10-2). 
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FIG. 8. The wave evolution of a shear sine pulse in vulcanized natural rub- 
ber at ?,•o) = 0.09 prestrain (A = --0.2685 and Y' -- -- 2.406X 10-2). 

FIG. 10. The wave evolution of a shear sine pulse in vulcanized natural 
rubber at ?,•o) = 2.25 prestrain (A = 0.182 and Y' = -4.59X 10-3). 

In Figs. 10-12, we illustrate the wave formation which 
occurs at strain values in the neighborhood of the second 
critical point ?,•o) = 2.27. For a prestrain less than the criti- 
cal value the undisturbed state still corresponds to F < 0; a 
typical case is depicted in Fig. 10. Here, a part of the W> 0 
portion of the wave extends into the F > 0 region. It is also 
seen that the local wave speed becomes greater than the lin- 
ear wave speed for W> 0.6. For wave propagation at the 
critical prestrain point, the evolution is depicted in Fig. 11. 
In Fig. 12, the wave evolution for a prestrain larger than the 
critical value is presented and a node is now seen at 
W• -0.6. In Figs. 10-12, the local steepening coefficient 
vanishes at W•0.25, W-- 0, and W• -- 0.36, respectively. 
This trend suggests, and is clearly depicted in the three fig- 
ures, that the wave evolution becomes similar to a purely 
forward steepening wave for increasing prestrain values in 
the vicinity of the second critical state. In comparing the 
wave evolution presented for the second critical point, i.e., 
Figs. 10-12, as compared to the first critical point, i.e., Fig. 

6-8, one notes a distinct difference in the shock formation. In 
Figs. 10-12, the dual shock formations are similar to a for- 
ward steepening shock for the top portion, i.e., W> 0, and 
backward steepening shocks for the lower portion, i.e., 
W< 0, of the wave. This behavior is qualitatively different 
than those presented for the wave evolution in the vicinity of 
zero prestrain. For even larger prestrains the steepening is 
strictly forward. A typical case, which employs (26), is illus- 
trated in Fig. 13. 

In summary, use of this specific model demonstrates the 
wide range of behavior to be expected as the prestrain is 
increased. Although the mixed convexity of the standard 
stress-strain diagram of rubber gives some hint of the com- 
plexity found, the present study shows definitively that both 
forward and backward steepening is possible. Furthermore, 
it has been shown that the nonlinear behavior in the neigh- 
borhood of the second critical point is qualitatively different 
than that at the critical point associated with the unstrained 
state. 
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FIG. 9. The wave evolution of a shear sine pulse in vulcanized natural rub- 
ber at ?,•o• = 1.15 prestrain (F = - 0.15817). 

FIG. 11. The wave evolution of a shear sine pulse in vulcanized natural 
rubber at •,(o• __ 2.27 prestrain (A -- 0.182 and Y' -- 0.0) [5 ' 
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FIG. 12. The wave evolution of a shear sine pulse in vulcanized natural 
rubber at y•o) = 2.31 prestrain (A = 0.182 and F = 6.48X 10-3). 

Vl. EXAMPLE--BLATZ AND KO'S MODEL FOR 
COMPRESSIBLE MATERIALS 

A typical example of a common compressible material 
which is capable of large nonlinear deformations is foamed 
polyurethane rubber. This isotropic material was extensively 
studied by Blatz and Ko (1962) who postulated the exis- 
tence of a specific form of the free energy function which 
includes a dependence on the determinant of the left 
Cauchy-Green tensor IIIB, thus taking into account volume 
changes. The free energy function was taken to be 

U=/•3(iB+ 1--2_••_v(iii•-v/(1-2*')_l)_3) 2po v 

-I-/.t(1-,8) 
2,00 

( II• 1 - 2v iii•/( 1 2*') x\iii s +• ( - - 1) - 3 , (58) 
where/•, v, and/• are material constants. It is interesting to 

note that the results for solid polyurethane rubber are ob- 
tained when v = 0.5 and • = 1. At this limiting case, the 
constitutive relations are identical in form to the well-known 

Mooney-Rivlin model. By substituting the free-energy func- 
tion (58) in (6), it is found that the scalar coefficients ao, 
a l, and 0:2 can be written 

[ -- *'/( 1 -- 2,,) -- 1/21 ao =/-to [ -- ]• IIIs 

-+- (1 --]•)III• Iv/(1-2*')- 1/2]], 
0:1 =/•o/3/III7 2 + (/•o/3/III•/2) ( 1 --/•), (59) 

0:2 = -- •o ( 1 --/•)/III•/2. 
If the material constants are taken to be/• = 22063 Pa, 
v - 0.25, and/• = 0, predictions based on ( 58 ) and (59) are 
in excellent agreement with the experimental results up to 
failure of the material. Blatz and Ko (1962) have shown that 
this occurs at a principal stretch of approximately 2.0. For 
strains larger than this value, no statement can be made re- 
garding the validity or invalidity of this model with respect 
to foamed polyurethane rubber. 

The simplifications presented for incompressible mate- 
rials are not applicable to shear wave evolution in compress- 
ible materials. In particular, the momentum equations do 
not decouple as they do for the incompressible system. Equa- 
tion (28) must be used for the calculation of the nondimen- 
sional wave speed As, Eq. (31 ) must be used for calculation 
of F, and Eq. (40) must be used for calculation of A. There- 
fore, the wave evolution can not be inferred from a plot of 
Cauchy shear stress versus linear shear strain as could be 
done for an incompressible material. That is, knowledge of 
the quantities rrs,s5 and rrs.• is not sufficient to predict the 
signs of the nonlinearity parameters. In fact, the Blatz-Ko 
model of foamed polyurethane rubber results in rrs55= 0 
which would yield A = 0 if equation (45) were employed. 

A plot of F and,4 s 2 versus shear prestrain is presented in 
Fig. 14. As in the incompressible material described in the 
previous section, F is found to be negative for low prestrain 
values and the wave exhibits backward steepening behavior. 
Additionally, at the critical point ?,(•o) = 0, A • -- 3.0 which 
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FIG. 13. The wave evolution of a shear sine pulse in vulcanized natural 
rubber at y}o) = 3.40 prestrain (F = 0.1790). 

FIG. 14. Shear wave speed (A s ) 2 and F versus shear prestrain for the Blatz- 
Ko model of foamed polyurethane rubber. 
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is of the same sign found for the incompressible case. Thus 
the wave evolution will be qualitatively similar to that seen in 
the incompressible case. A point of considerable interest in 
regards to Fig. 15 is that the square of the wave speed be- 
comes negative at a value of y•o• = 1.6, corresponding to a 
principal stretch of 2.08. As pointed out by Knowles and 
Steinberg (1975), this anomaly is associated with a loss of 
ellipticity of the statics equations. The value of the material 
constants, i.e.,/•, y, and/•, chosen for the constitutive rela- 
tions describing the foamed polyurethane rubber are not val- 
id at these large prestrain values because the specimen failed 
prior to this strain state. 

In the range where it has been validated by experiments, 
the Blatz-Ko model for foamed polyurethane rubber does 
not predict a second critical point. However, one can find a 
range of material constants p, v, and/•' such that y•o• •:0, 
and F -- 0 with (As)2 • 0. Values of (As)2 and F have been 
computed and plotted in Fig. 15 for/• - 22 063 Pa, v- 0.25, 
and fl- 0.5. These computations reveal that F- 0 at 
y•o• • 3.7 with a corresponding real wave speed. It therefore 
appears that the Blatz-Ko model is formally able to predict a 
second critical point. The authors are not aware of a specific 
material which is precisely modeled by these material con- 
stants. However, they have been chosen within the general 
realm of experimental parameters provided by Blatz and Ko 
(1962). It should be noted that these investigators indicated 
that fl appeared to be functionally dependent on the percent 
foam inherent in polyurethane rubber. In particular, as the 
percent of foam in the material decreased, fl increased and 
for the extreme case of/• - 1 the model was representative of 
solid polyurethane rubber. Therefore, the value•' -- 0.5 cho- 
sen in the present example would be expected to be charac- 
teristic of a vulcanized natural rubber containing foam. It 
should also be noted that while the strain value (y•ø• _ 3.7 
or principal stretch of 3.95) corresponding to the critical 
point is larger than the measured failure strain of foamed 
polyurethane rubber, these values are significantly lower 
than the strains achieved by the natural rubber represented 
in Fig. 3. 

1.00 

0.50 

0.00 

i i i i 0.00 1.00 2.00 4.OO 5.OO 

FIG. 15. Shear wave speed (At) 2 and F versus shear prestrain for the Blatz- 
Ko model of hypothetical polyurethane rubber when fl -- 0.5. 

In summary, the Blatz-Ko model admits the existence 
of a second critical point for what appears to be reasonable 
choices ofp, v, and/•/. These results suggest that compress- 
ible materials may also possess a second critical point, how- 
ever, the calculations presented here should not be regarded 
as a definitive demonstration. 

vii. SUMMARY 

The propagation of a one-dimensional shear wave in a 
hyperelastic solid has been analyzed. The general expres- 
sions for the wave speed, the quadratic steepening param- 
eter, and the cubic steepening parameter for both compress- 
ible and incompressible solids has been presented. The 
results of interest for incompressible materials are given by 
(24), ( 35 ) and (45) once U - U( y• ) is known. If the mate- 
rial is compressible, the appropriate free energy 
U = U(I•, II•, III• ) must be combined with (6), (7), and 
(12). The calculated stress gradients may then be combined 
with (19), (28), (31), (32), and (40)-(43) to compute the 
various speed and nonlinearity parameters. 

For most prestrained states, the nonlinearity is quadrat- 
ic and the evolution is therefore governed by (26) or (49). 
Near critical points, i.e., undisturbed states having F = 0, 
higher-order corrections are required. As a result, either 
(36) or (50) yield the correct lowest-order solution. The 
latter case is seen to contain the results of the unstrained 

theory presented by previous investigators. 
Numerical examples of an incompressible natural rub- 

ber revealed that a second critical point exists within the 
realm of experimentally attainable strains. The value of A at 
this critical prestrain was noted to be different in sign than 
that found at the unstrained critical point, thus providing 
further evidence that the wave evolution and subsequent 
shock formation are highly dependent upon the prestrained 
state. ' 

In Sec. VI, the Blatz-Ko model was employed to gener- 
ate specific numerical results for compressible materials. 
The effect of prestraining foamed polyurethane was seen to 
produce a negative quadratic nonlinearity parameter. In 
spite of the significant differences in the complexity of the 
compressible equations, this result is seen to be similar to 
that found for incompressible materials. 

The present study has also demonstrated that the Blatz- 
Ko model admits a second critical point at nonzero prestrain 
for reasonable choices of the Blatz-Ko material parameters 
/•, v, and/•/. This second critical point is admissible in the 
sense that the linear wave speed is real. However, the nu- 
merical values of the material parameters are not associated 
with any specific material and it is felt that the identification 
of a second critical point in compressible materials remains 
as a task for future studies. 
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APPENDIX: CONVERSION OF WAVE SPEEDS TO 
EULERIAN COORDINATES 

All results presented in the main text have been derived 
in terms of the Lagrangian coordinates introduced in Sec. I. 
In order to relate our results more directly to experiments, it 
is natural to ask whether these have the same form in an 

Eulerian system. In the remainder of this Appendix, we con- 
vert the wave speeds corresponding to (26) and (36) to their 
Eulerian counterparts. 

The dimensional versions of the nonlinear wave speed 
have already been given in (46) and (47). For the present 
purposes, it will be convenient to write these speeds as 

dX• 
dt X A y}o• 2) =Cs s+I'(r.r[ ) , 

(A1) 

where X• = X• (t) is the equation of a characteristic line in 
the X• - t plane. Here, we simply recognize that the cubic 
term must be neglected when F = O( 1 ). The Eulerian wave 
speed may be derived by combining (9) with the equation of 
the characteristics X 1 -• X 1 (t). Differentiation of the first of 
(9) and use of implicit differentiation yields 

d d {X,(t)+u [X,(t),t]} d---] [x, (t)] = • , 
dX• cgu l cgu l 

dt cgt cgX• dt 

From the definition of el and v• given in Sec. I, we find the 
the Eulerian version of the wave speed can be written 

dxl 
= (1 + el ) + 

dt dt 

Use of (A 1 ) yields 

1 

Cs dt 
=As +•l +Asel + (1 

X [r(y5 - y}o•) + (A/2) (y5 - y}o))2], 
(A2) 

where (18) has been employed. The presence of the fil term 
is to be expected because the shear wave propagates relative 
to the material which is in turn set into motion in the propa- 
gation direction by the disturbance itself; the physical mech- 
anism in this case is the nonlinear coupling to the longitudi- 
nal mode. That is, it represents the usual convection of the 
wave speed. 

The result (A2) is exact within the context of (26) and 
(36). However, the terms involving F and A in (A2) are 
always small, regardless of whether the F = O(1) or the 
F = O(e) cases are considered, and (A2) may be approxi- 
mated by 

1 dx• mAs +• +Ase• 
Cs dt 

A r}o :, + F(/5 -- r}o>) +_•_ (r• _ ) (A3) 
with no loss in accuracy to the present theory. That is, the 
terms proportional to el = O( 1 ) will always be of the order 
of those already neglected in the present theory. 

We now consider incompressible materials. In this case, 

F 1 --- e 1 •0 

and (A3) may then be written 

A 1 dx, =As+r(y•--y}ø>)+-•-(y•- ) Cs dt 

with no further approximation. Thus, the Eulerian wave 
speed for incompressible materials is identical to the Lagran- 
gian version (A1). 

As already pointed out, shear waves in compressible 
materials generate nonzero values of • and el due to non- 
linear coupling. Both quantities are found to be of order e, 
i.e., of order of the shear wave amplitude, unless 
y}o> = O(e). If we employ the original perturbation expan- 
sion (25), we find 

• + gse• = e(wi •) + AsW• •) 

+ e2(wl 2• + AsW} 2)) + O(e3), (A4) 

where the fact that w• ø> = w} ø) = 0 has been employed. The 
first term is obtained from the linear solution, i.e., the first of 
(25) combined with (29). When these formulas are em- 
ployed, we find that 

W• l) +AsW• l) = r 3 W(r•/r 3 +As) =0, (A5) 
where (29) has been used to show that rl = -- Asr3. Thus, 
the expansion (A4) may be rewritten 

•l + Asel = e2(w[ 2> + AsW3 (2)) + O(e3). (A6) 
We may therefore conclude that the appropriate approxima- 
tion to (A3) for compressible materials with F - O( 1 ) is 

1 dxl •Xs + F(y5 --y}o)) + O(e2), 
C• dt 

which is again equivalent to the Lagrangian version (46). 
Finally, we consider the case of compressible materials 

with F = O(e). In this case, we also need to solve the higher 
(2), to the linear order equations for the first correction, i.e., wn 

approximation. If we combine (17) with ( 15 ), we find that 
the • = 3 equation may be written 

c•w3 c• 
c• t cg Y 

( W 1 -'[- AsW 3 ) '• O, 

exactly. Here, the dependent variables have been trans- 
formed fromX1, t to Y = X• - Ast, t. Ifwe now note that the 
time variations are of order e- 2 when F = O(e) and the fact 
that w3 = O(e), at most, we find that 

cgY 
-Jr- A s W 3 ) -- O(e3). 

Thus, if we assume w• + AsW3 -•0 as Y-• q- c•, we may re- 
cover the linear result (A5) as well as the corresponding 
result for the nonlinear correction: 
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wl + = o. (^7) 
From (A3), (A6), and (A7), we conclude that the nonlin- 
ear Eulerian wave speed can be approximated by 

A y•o• 2 •53 1 dx• ..•As+F(Ys--Y}ø>)+-•-(ys-- ) +O(), C• dt 

when F = O(e). 
In summary, we have shown that the Eulerian version of 

the nonlinear wave speed is identical to the Lagrangian ver- 
sion derived here, at least to the accuracy of the dehved 
results. 
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