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(ABSTRACT)

The purpose of this research was to examine children's unmanipulated self-reports of
their internalized representation of numbers and the relationship of the spatio-organizational
patterns that are represented by the children's drawings to children's ability to solve basic
addition problems. Also of interest were possible changes that occurred in children's spatio-
organizational patterns as a result of age, mathematics achievement or gender. It was
hypothesized that children whose drawings demonstrated more structured spatio-
organizational patterns would achieve a higher number of correct answers on a timed test of
basic addition problems. It was also hypothesized that the structure of the spatio-
organizational patterns that children drew would be influenced by age, gender and
mathematics achievement.

The results of this exploratory study of children's unmanipulated internalized
constructs of number provided some interesting results. The children were asked to image
specific numbers of dots for numerals from 4 through 13 and then to draw a representation of
their images. The representations were categorized according to the structure of spatio-

organizational patterns. The analyses revealed that the patterns had more structure for older



children. Multiple regression analyses also indicated that the correctness of the cardinality of
the number of dots imaged was the most frequently occurring variable that had a significant
effect on the Imagery Scores. Less than five of more than 450 students expressed any difficulty
with the imagery task and then only as it related to one of the ten numerals they were asked to
image.

The students were asked to image at the foundational level of imagery--reproductive
imagery (Piaget & Inhelder, 1971). Because the research task developed for the students did
not involve anticipatory images, those requiring transformations or movement, these imaging
tasks were not influenced by the children’s IQ or mathematics achievement. According to
Piaget and Inhelder, children's ability to use anticipatory images indicates that children are
developing an operational understanding and use of imagery. The children in this study were
not asked to do anticipatory imaging. This may account for the negative relationship of the
Imagery Scores to the fifth-grade students’ math percentile scores and the positive
relationship between Imagery scores and mathematics percentile scores for the primary level
students. The imagery tasks requested of the students were not of sufficient difficulty to relate
to any mathematical operations or logio-mathematical thinking for older children.

The ability of children to produce reproductive images which have varying degrees of
spatio-organizational patterns was demonstrated by this study. Future studies need to address
the higher level of anticipatory images. If students were asked to image a specific number of
dots and then to image adding another quantity of dots to the original image, would the spatio-
organizational patterns used by children in this transformation process change or transform the
image? Are there specific spatio-organizational patterns that more easily allow children to
develop anticipatory images that use mathematical operations? Are there children who have
developed static reproductive images, and as a result, have created internalized constructs that

inhibit their future understanding and development of higher level mathematical concepts?
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Chapter 1
INTRODUCTION

Education experts and mathematicians agree that number is an
abstract concept. Based on the cognitive perspective, the learning of number
concepts is a process that is developed internally by children over an
extended period of time. Little research is available that addresses the
internal representations that children create to give meaning to the abstract
numerical symbols, what influences the internal representations of number
may have on children's ability to answer successfully basic addition
problems, or how the internalized representations of number may effect
children's mathematics percentile scores on standardized achievement tests.

The problem addressed in this study dealt with children's mental
representation of number. Do the pictures that children draw representing
how they internally visualize specific numbers of dots reflect any type of
structure or organizational pattern? If so, are these different organizational
patterns related to children's ability to answer basic addition problems
and/or the mathematics percentile scores they receive on standardized

achievement tests?

Definition of Imagery

Finke (1989) defines mental imagery as "the mental invention or
recreation of an experience that in at least some respects resembles the
experience of actually perceiving an object or an event, either in conjunction
with, or in the absence of, direct sensory stimulation" (p. 2). A similar

definition, by Richardson (1980), stated that " mental images are symbolic



representations that may be maintained over a definite period of time and
that may be manipulated in various ways" and that mental images
"constitute an elaborative form of coding in long—term memory" (p. 43).
Bugelski (1982) stated that "images are conditioned responses and moreover

all conditioning amounts to the formation of images" (p. 9).

Imagery and Learning

Wingfield (1979) wrote that three kinds of sensory memory have been
proposed: (1) visual (iconic), (2) auditory (echoic) and (3) tactile. Visual
imagery is a very normal and common phenomenon. Imagery operates in
the mind much the same as mediators, by offering concrete anchors for
learning materials (Wingfield, 1979). According to Matlin (1983), the "bulk of
experimental evidence supports the idea that mental images can be used to
store information. Mental images may not preserve all the qualities of
perceptual experiences, but mental images and perceptions are similar on an
amazingly impressive variety of characteristics” (p. 105).

Paivio (1986) purposed that learning and memory are linked through a
"dual coding" process. The most "general assumption in dual coding theory
is that there are two classes of phenomena handled cognitively by separate
subsystems, one specialized for the representation and processing of
information concerning nonverbal objects and events, the other specialized
for dealing with language" (Paivio, 1986, p. 53). In Paivio's dual coding
theory the nonverbal (symbolic) subsystem is referred to as the imagery
system and the language system is called the verbal system. Paivio stated that
imagery is "spatially organized and functionally integrated in memory" (p.

165) and that images "correspond to cognitive representation” that can 'stand
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for' something else in the sense that they can activate other representations”
(p. 98). Paivio proposed that the two systems are "independent in the sense
that either system can be active without the other or both can be active in
parallel. At the same time, they are functionally interconnected so that
activity in one system can initiate activity in the other" (p. 54).

Bruner (1988) also included the idea of image as an important aspect of

learning. He stated,

... the most important thing about memory is not storage of
past experience, but rather the retrieval of what is relevant in
some usable form. This depends upon how past experience is
coded and processed so that it may indeed be relevant and
usable in the present when needed. The end product of such a
system of coding and processing is what we may speak of as a
representation (p. 35).

Bruner suggested there are three modes of representation: enactive
representation, iconic representation, and symbolic representation. The three
modes develop in the order given with each depending upon the previous
one for its development, yet all of them remain more or less intact
throughout life. Bruner explained, "By enactive representation I mean a
mode of representing past events through appropriate motor response” (p.
35). "Iconic representation summarizes events by the selective organization
of percepts and of images, by the spatial, temporal, and qualitative structures
of the perceptual field and their transformed images. Images 'stand for' the
perceptual events in the close but conventionally selective way that a picture
stands for the object pictured"” (p. 36). "Iconic representation, in the
beginning, is built upon a perceptual organization that is tied to the 'point—

at—able' spatioqualitative properties of events" (p. 57). "Finally, a symbol



system represents things by design features that include remoteness and
arbitrariness. A word neither points directly to its referent here and now, nor
does it resemble it as a picture” (p. 36).

Piaget and Inhelder (1971) suggested that "the role of images is not to
cognize, but to concretize symbolically "(p. 350). They further state that the
function of the image (like that of the word) is to 'designate’ while the
function of the concept (relation, class, etc.) is to interpret and comprehend (p.
382).

Piaget and Inhelder (1971) classified images in terms of their content
(i.e. they are visual, auditory, etc.) or according to their structure, and stated
that there is a hierarchy of image levels which correspond to stages of
development and to degrees of increasing complexity (p. 1). The two basic
divisions of images are labeled reproductive images, which evoke objects or
events already known, and anticipatory images, which represent events that
have not been previously perceived (p. 2). Reproductive images are formed
at the pre-operational level and anticipatory images do not develop until the
level of the concrete operations (p. 352). The reproductive images of the pre-
operational level remain static and are unable to represent even the results of
movements or transformations. The reproductive images function in the

two following ways:

On the one hand they may keep close to the perceptions of
which they are active copies. In this case they provide thought
with nothing more than perceptual data, unless it be also an
active imitation facilitating analysis and evocation of such data.
This constitutes a factor in cognitive development of a general
kind but of no specific relevance to the future operations. On
the other hand they may modify the perceptions serving as their
models and thus be prone to pseudo-conservations and



distortions with static tendency, and in this case, far from
preparing for the operations, the images reinforce pre-
operational thought in its disposition to overrate states and to
neglect transformations (p. 377).

At about 7 to 8 years a capacity for imaginal anticipation begins which
enables the child to reconstitute kinetic or transformation processes (p. 358).

According to Piaget and Inhelder (1971):

... the situation is indeed quite different when the images
become anticipatory under the influence of the operations. The
image then constitutes an auxiliary that is not only useful to, but
in many instances necessary for the function of the operations.
After having structured and fashioned it in their own likeness,
the operations in fact come to depend on the image. The
services performed by the image are of two kinds. The first
related to the cognition of states between which are interposed
the governing transformations. And the second relates to the
representation of these very transformations. For though
continuity, precise detail and especially the overall implications
of transformations are not susceptible of representation, yet they
can be grasped and manipulated better if an outline of imaginal
representation helps operational reasoning (which prolongs and
goes beyond imaginal representation) get off the ground (p. 378).

... the representation of a perceived or perceptible datum does
not constitute a cognition, and it does not become a cognition
until it is based on an operational comprehension of the
transformations accounting for the datum. .... The image
ensures finer analysis of "states" and even aids figural
anticipation of 'transformations’, in spite of the irreducibly static
character of such a figuration. This makes the image an
indispensable auxiliary in the function of the very dynamism of
thought--but only as long as it remains consistently subordinate
to such operation dynamism, which it cannot replace, and which
it can only express symbolically with degrees of distortion or
fidelity varying according to circumstances (p. 390).

Several other experimental studies also support the idea that mental

images can be used to store information. One of the first systematic studies of
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mental imagery was done by Galton in 1880 (cited in Wingfield, 1979). The
points of general agreement were that most people do report mental imagery
of some sort and accept their imagery as a true mental event. The character of
the imagery people reported showed little variation. According to Galton, the
ability to image seems a matter of voluntary control that increases with age,
and reconstruction of images often requires some effort. In 1977 White,
Sheehan, and Ashton confirmed Galton's statement that "the ability to evoke
vivid images increases with age" (p. 160). An earlier study by Sheehan (1967)
provided more support for Galton's work. Sheehan found that "females
reported more vivid imagery than males" (p. 387) and "few students lacked
the ability to evoke images when required” (p. 387) but Sheehan reported
"considerable difference in the degree of clearness and vividness" of the
subjects' images (p. 387).

Mental image studies have been conducted that examine the
importance of rotation, size, and the preservation of shape. Kosslyn in 1975
(cited in Matlin, 1983; Reed, 1988), explored the effect of size on imagery.
Results indicated that it does take longer to judge small images than large
mental images. He also reported that it takes longer to create large mental
images than small images. In 1973 Moyer (cited in Matlin, 1983) discovered
that decisions regarding relative size take a long time if the two objects are
similar whether the objects are in our minds or physically in front of us.
Shephard and Metzler in 1971 (cited in Bourne, Dominowski, Loftus, &
Healy, 1986; Matlin, 1983), explored the effect of angle of rotation and decision
time. Results indicated that the angle of rotation of an object has a strong

influence on decision time. A later study by Cooper & Shephard in 1973



(cited in Bourne et al., 1986; Matlin, 1983; Reed, 1988) examined whether
subjects would perform as though they had available to them, in memory, a
physical representation of a stimulus. The subjects were shown a single letter
such as R followed by a second one that was either that letter or a mirror
image. The time required to decide whether a letter was normal or reversed
was almost an exact function of the number of degrees that would be
necessary to bring the letter to the vertical.

Imagery studies have also been done that examined the effect of
imagery on learning. Paivio and Okovita (1971) found that concrete words
that arouse images are easier to learn than abstract words. Allen (1972)
related that subjects' scores on memory tests can be enhanced through the use
of imagery. He further states that "imagery may be more effective than
language ... especially where the material is disconnected and low on initial
meaningfulness" (p. 478). Results of three studies by DeLoache and Todd
(1988) revealed that young children used categorization and spatial
organization of objects as a mnemonic strategy for future retrieval. DeLoache
and Todd's research represents the first evidence connecting children's
ability to "construct” classes based on a mental representation of a nonvisible
attribute. They also noted clear developmental trends. Pressley, Cariglia-
Bull, and Schneider's research (1987) is consistent with previous studies that
older children in the imagery condition learned significantly more than did
the older children in the control condition. They also found that "imagery
instruction is more effective with children who are more intellectually
competent" (Pressley, et al., 1987, p. 194). Jacob (cited in Sadoski,1983)

determined that the ability of subjects to generate visual imagery when



attempting to comprehend written text is a critical factor in differentiating
good and poor readers. Sadoski's (1983) study explored the relationship
between unmanipulated self—reports of imagery and comprehension of a
story. He found that more elaborated original imagery is related to deeper
comprehension. Cramer's studies in 1981 reported that "for fifth graders,
interactive imagery instructions facilitated learning in both the single—item
recognition paradigm and in the paired—associate recall paradigm" (p. 172).
For first graders, Cramer found no overall effect for students who were given
imagery instructions but reported that "those subjects who reported using
interactive imagery in the paired—associate paradigm were superior to their
age—mates who reported no imagery" (p. 172). Cramer's results indicated
that there is an interaction between age and the effect of the type of reported
imagery, either paired—associate or interactive imagery.

Imagery has also been investigated by cognitive neuropsyschologists.
"Electroencephalographic studies of normal subjects have confirmed a
relationship between imagery and the right hemisphere" (Bryden & Ley,
1983, p. 113). Benbow (1988) has suggested that marked mathematics abilities
are linked to brain organization and an important part of her argument is
that left-handers are overrepresented in the population of those who are
highly gifted in mathematics" (cited in Peters, 1990, p. 176). Lewis and Harris
(1990) studied the relationship between handedness and spatial ability. They
stated..."future explanations of individual differences in cognitive ability will
have to address the fact of the interaction of handedness and sex as well as the
possible moderating influence of reasoning ability" (p. 335). Results from

their study of spatial ability, in which only high-academic achievers were



used, found that right-handed men performed better than left-handed men

and left-handed women performed better than right-handed women (p. 334).

n ions and P n

An integral part of concept formation and perceptual development is
pattern recognition. Pattern recognition is the process that transforms and
organizes raw information through the identification of a complex
arrangement of sensory stimuli by comparing the sensory stimuli with
information in other memory stores. According to Matlin (1983), two kinds
of processing are involved in pattern recognition. Data-driven processing
(bottom-up) stresses the importance of the stimulus in pattern recognition,
while conceptually driven processing (top-down) stresses the influence of a
person's concepts and higher—level processes in shaping pattern recognition.
According to this approach, our knowledge about how the world is organized
helps us identify patterns. We expect certain shapes to be found in certain
locations and these expectations help us make rapid pattern recognitions. We
begin by recognizing the whole complex pattern and our knowledge of the
world helps us identify a fragment of the pattern (Matlin, 1983). According to
Matlin, both processes occur and both are necessary.

How the stimuli are compared during one's process of identifying
patterns is addressed by three theories of pattern recognition. The first theory,
template—matching theory, suggests there are specific patterns, templates,
stored in memory. Each stimulus is then compared to templates for
identification. The limitation of this theory is that we need an infinite

number of templates in order to recognize all possible variations of stimuli in



the environment. A second theory, prototype-models theory, implies that
there are abstract idealized patterns in memory that are used for comparison
and an exact match is not necessary for recognition to occur. The third
theory, the distinctive—features model, suggests the memory is a store for
only distinctive features of stimuli that are stored as an abstract, idealized
version of the stimulus (Matlin, 1983).

Wingfield (1979) says that perceptual learning is "at the heart of most
concept learning in both children and adults” (p. 215). Perceptual learning
involves perceptual reorganization. This occurs when an important feature
begins to stand out, such as when children are asked to compare the
equivalence of sets of objects that have been presented in pictorial form. The
child must be able to recognize that number is the "salient feature, while
color, shape and size" are "noisy nondefining attributes for the equivalence

concept” (p. 217).

Number Con nd Im

Steffe, vonGlasersfeld and Cobb (1983) discussed the development of
number concept in terms of "units." They described motor units as referring
to the counting of perceptual items by pointing, grasping, glancing, etc. Steffe
et al. consider the motor act as a link to the development of figural
representations. Verbal units refer to the coordination of motor acts and the
sequential verbalization of number words. Steffe et al. believed that when
this procedure becomes "automatic,” each "vocal production of a number
word can be taken to stand for a countable perceptual item" (p. 41). Figural or

visualized units represent a conceptual structure, a template, which becomes
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itself the object of awareness. "A figural representation functions as a
countable item in that it represents the original perceptual experiences and
thus constitutes a substitute for it" (p. 37). The last step toward number
concept development consists of abstract units which Steffe et al. explained as
"the acquisition of the awareness that the utterance of a number word, in the
context of a counting task, can be taken to imply unitary items of the kind
fitting the template created in that context"” (p. 42).

Steffe et al (1983) state that a child's ability to correctly and without
hesitation answer such questions as which number comes before, which
number comes after, and which number comes between specific stimulus
numbers is an indication that the child has something like an "image" of that
segment of the standard number-word sequence which can be accessed at any
point. Steffe, et al. further addressed the importance of "image" when they

stated,

The first indication that dependence on the actual presence of
perceptual signals is lessening is the ability to count items that
have been hidden. To count such perceptually inaccessible
items the child has to imagine them. That is to say there has to
be an internal re—presentation of the perceptual signals that
for the child constituted the countable items in that particular
context (p. 23).

The development of a "stable spatial or temporal pattern of unitary elements
which the child can re—present to itself from memory and for which it
knows the number word, both as name and as indication of the countable
elements contained in the pattern" is called a "subitized pattern” (Steffe, et al.,
1983, p. 32).

Steffe's premise that there exists an internal representation of number

11



is supported by Morra, Moizo and Scopesi (1988). Morra, et al. propose that
there exists a "spatial mental model which has a finite set of tokens that
represent physical entities and a finite set of spatial relations among them" (p.
45). Finke (1989) states that the "spatial arrangement of the elements of a
mental image corresponds to the way objects or their parts are arranged on
actual physical surfaces or in the actual physical space” (p. 61).

Piaget's position (1964) regarding his work with perception as related to
the perception of numeral was clearly stated when he addressed the work of

W. A. Lay.

W. A. Lay made a detailed study of the way in which
various figures made with three, four, five, etc. objects
arranged as triangles, squares, etc. are distinguished by
the child, from the point of view of perception of
number. The number four, for instance, is more easily
recognized when the objects are placed at the four
corners of a square than when they are placed at
random....Our point of view here will be different, for
while these authors examined what has come to be
called perception of number, i.e. the application of
already existing numerical schemata to discrete objects
perceived in the same field, we shall examine what
might be called quantifying operations, i.e. the
elementary operation of correspondence equating, etc.,
which constitute the logic of number. In a word, we
shall ignore the problems of perception (italics added)
and shall concentrate on the problem of the genesis of
operations as such (pp. 66—67).

From the educational research arena, other types of research and
theories which relate directly to children's learning of number concepts have
given endorsement to the importance of internalized constructs in the

development of number concept. As a staunch supporter of Piaget's theory of
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cognitive development, Kamii (1985) stated:

Educators are under the illusion that they are teaching
arithmetic when all they are really teaching are the most
superficial aspects such as specificsums (4 +4=8,4+5 =
?) and the conventional meaning of written signs (e.g. 4
and +). Arithmetic is not a body of knowledge that
must be taught through social transmission. It must be
constructed by each child through reflective abstraction.
If the child cannot construct a relationship, then all the
explanations in the world will not enable him to
understand the teacher's statements (p. 25).

Kamii continues with the explanation that number is not empirical; it
is a mental structure. "Number is something each human being constructs
from within and not something that is socially transmitted" (p. 15).

Although Kamii did not expound on the significance of a change that
was made in the presentation of material in one of the games she had been
using with children, it appears to be an important aspect that relates to the
children's construction of number. During the second year of using a game
Kamii called "Coin War," she changed the spatial arrangement of the pictures
of coins on the playing cards so there were a maximum of five pennies in the
left-hand column. According to Kamii, "this arrangement enabled the
children to look at three pennies and immediately know that there were
eight” (p. 214). The pecking behavior (pointing or touching when counting
objects) that children had been using to determine the number of coins

stopped.
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Two ways of
arranging pennies in
cards for Coin War.
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Figure 1 Change in arrangement of coins on playing cards (Kamii,
1985, p. 214).

OO00O

Kamii does state that the spatial arrangement of sets is highly relevant
to children who have not constructed the mental structure of number. This
insight was not made in relation to the changes she made in the coin cards,
but in relation to Piaget's conservation task.

Resnick (1989) and Fuson (1988) provide further support of the
importance of perception of number. Resnick (1989) states that "Infant
discrimination studies show that they are able to make judgments on the
basis of comparative rather than absolute size. This means they have some
kind of schema for comparing objects quantitatively. Babies quantitative
knowledge, is of course prelinguistic” (p. 162). Fuson indicates that
"Subitizing seems to be used by very young children and may even be used by
infants" (p. 10). She further relates that "For very small numbers (two, three,
and possibly four and five), people seem to be able to apprehend directly the
appropriate cardinal or measure word, that is to subitize it. How this is done
is still a matter of dispute” (p. 10).

Hughes (1988) states that mathematical symbols are formal codes that

are context free and as such are not a part of normal language development.
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Because the symbols used in mathematics are formal codes, Hughes states
there is a transitional period through which children must go to develop
symbolic understanding. The transitional period addresses the change from

concrete representation to the symbolic representation of numbers.

Defining Number Con

Based on research from mathematics education, experimental
psychology, cognitive science, and educational psychology, number is accepted
as a conceptual creation. Although the word concept has been defined in
various ways in the literature, there are descriptors that are common in each
of the definitions. These descriptors include categorizing, objects,
relationships, and perception (Matlin, 1983; Travers, 1982; Wingfield, 1979).
Souviney (1989) gave the definition of concept as "the underlying pattern that
relates sets of objects to one another" (p. 16). Piaget (cited in Kamii, 1985) said
that "number concepts exist only in the minds of children who construct
logico—mathematical knowledge by coordinating the simple relationships of
same, different and more. The child has to have an internal re—presentation
of the perceptual signals that constitute the countable items in that particular

context" (p. 23).
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Chapter 2
RESEARCH METHODOLOGY

Purpose and Rationale

A review of the educational and psychological literature reveals
general acceptance of the existence of mental images in children's minds and
the use of these images as an aid to learning. There is also general agreement
that number is an abstract concept. Many mathematics educators and
cognitivists purport that number concepts are only developed when children
are able to internalize an image or some representation of number without
the presence of concrete objects (Fuson,1988; Hughes, 1988; Kamii, 1989;
Piaget, 1964; Steffe, et al., 1983).

It appears that the idea of an internalized construct or image of number
is a critical point in children's mathematics learning. Resnick (1989) stated
that "There seems to be general consensus that number concepts form the
basis upon which higher mathematical competencies can develop" (p. 162).
However, there were no research articles located that addressed the children's
spatial organizational patterns of unmanipulated internalized number
constructs. Only one study, Sadoski, 1983, was located that explored the
relationship between unmanipulated self—reports of imagery and reading
comprehension. He found that the ability of subjects to generate visual
imagery when attempting to comprehend written text is a critical factor in
differentiating good and poor readers. Previous research has shown that the
construction of internalized images is influenced by size, rotation, and

complexity of the image that is reported. Because this researcher was
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interested specifically in the spatial organizational patterns of internalized
images of specific numbers, the children were asked to image specific
numbers of dots. By asking the children to image specific numbers of dots as
opposed to flowers, houses, or things, the confounding factors of size,

rotation, and complexity of the unit imaged was controlled.

Description of Participants

The participants in this study were all the students who were in
attendance in grades K—&6, in a rural southwestern Virginia school. The
students' socioeconomic status (as assessed by the classroom teachers) are
primarily from low to middle socioeconomic levels with 28% being rated as
low, 61% rated as middle and 10% rated as being in the high socioeconomic
level. The classes are heterogeneously grouped by home room with some
grouping for specific content areas beginning in second grade. Of the 478
students used in this study, 46% were female, 6% were classified as special
education students and 8% were designated as being left handed. Forty-six
percent of the students were identified by teachers as working at an average
math level, 25% were classified as being in a low math level and 29% were in
a high math level. The Cognitive Abilities Test scores (COGAT) were
approximately normally distributed with a mean score of 104 and a range
from 52 to 150. (see Appendix B, pp. 67-75) The kindergarten students had to
be excluded from the data analysis of this study due to lack of mathematics
percentile scores from a standardized test, no standardized measures of IQ,
such as the COGAT, and the kindergarten students' lack of prior experience

with written addition problems.
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